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Abstract 

Many mathematical models of physical phenomena that have been proposed in recent years 
require more general spaces than manifolds. When taking into account the symmetry group of the 
model, we get a reduced model on the (singular) orbit space of the symmetry group action. We 
investigate quantization of singular spaces obtained as leaf closure spaces of regular Riemannian 
foliations on compact manifolds. These contain the orbit spaces of compact group actions and 
orbifolds. Our method uses foliation theory as a desingularization technique for such singular 
spaces. A quantization procedure on the orbit space of the symmetry group - that commutes with 
reduction - can be obtained from constructions which combine different geometries associated with 
foliations and new techniques originated in Equivariant Quantization. The present paper contains 
the first of two steps needed to achieve these just detailed goals. 
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1 Introduction 

Quantization of singular spaces is an emerging issue that has been addressed in an increasing num- 
ber of recent works, see e.g. |BHP06j . |Hue02j . |Hue06j . |HRS07j . |Hui07j . [Pfl02] ... 

One of the reasons for this growing popularity originates from current developments in Theoret- 
ical Physics related with reduction of the number of degrees of freedom of a dynamical system with 
symmetries. Explicitly, if a symmetry Lie group acts on the phase space or the configuration space of 
a general mechanical system, the quotient space is usually a singular space, an orbifold or a stratified 
space ... The challenge consists in the quest for a quantization procedure for these singular spaces that 
in addition commutes with reduction. 

In this work, we investigate quantization of singular spaces obtained as leaf closure spaces of reg- 
ular Riemannian foliations of compact manifolds. These contain the orbit spaces of compact group 
actions (see [RichOl] ). We build a quantization that commutes by construction with projection onto 
the quotient. 



Our method uses the foliation as desingularization of the orbit space MjT ^ where T is the singular 
Riemannian foliation made up by the closures of the leaves of the regular Riemannian foliation T on 
manifold M . More precisely, we combine Foliation Theory with recent techniques from Natural and 
Equivariant Quantization. Close match can indeed be expected, as both topics are tightly connected 
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with natural bundles and natural operators. 

Equivariant quantization, in the sense of C. Duval, P. Lecomte, and V. Ovsienko, developed as from 
1996, see |LMT96) . [L099] . |DL()99| . [LecOOj . [BMOlj . |D()01) . |BHMP02) . |BM06| . This procedure 
requires equivariance of the quantization map with respect to the action of a finite-dimensional Lie 
subgroup of the symmetry group Diff(M") of configuration space M". Equivariant quantization has first 
been studied in Euclidean space, mainly for the projective and conformal subgroups, then extended in 
2001 to arbitrary manifolds, see [LecOlj . An equivariant, or better, a natural quantization on a smooth 
manifold M is a vector space isomorphism 

g[V] : Pol(T*M) 9 s Q[V](s) G P(M) 

that verifies some normalization condition and maps, in this paper, a smooth function s £ Pol(T*M) 
of "phase space" T*M, which is polynomial along the fibers, to a differential operator Q[V](s) G V{M) 
that acts on functions / G C°°{M) of "configuration space" M. The quantization map Q[\7] depends 
on the projective class [V] of an arbitrary torsionless covariant derivative V on M, and it is natural 
with respect to all its arguments and for the action of the group Diff (M) of all local diffeomorphisms 
of M, i.e. 

Qirvw-sWD^r (g[v](s)(/)), 

Vs G Pol(T*M),V/ G C°°(M),V0 G Diff(M). Existence of such natural and projectively invariant 
quantizations has been investigated in several works, see e.g. [Bor02| . |MR05| . [Han06| . 

In Foliation Theory, one distinguishes different geometries associated with a foliated manifold 
(M, J^) (defined by a Haefliger cocycle) , namely adapted geometry, foliated geometry, and transverse 
geometry. We denote in this introduction objects of the adapted (resp. foliated, transverse) "world" 
by O3 (resp. O2, Oi), whereas objects of leaf closure space M/T are denoted by Oq- Ideally, geometric 
structures of level i project onto geometric structures of level i — 1, so that p{Oi) = Oi-i, if we agree 
to denote temporarily any of these projections by p. Let us also recall that, roughly, adapted objects 
are objects on M with some special properties, foliated objects are locally constant along the leaves 
and live in the normal bundle of the foliation, and that transverse objects are objects on the transverse 
manifold N, which are 7i-invariant, where transverse manifold N and the holonomy pseudo-group Ti 
depend on the chosen defining cocycle of foliation In order to build a quantization Qq on M/!F, 
which commutes with the projection onto this singular space, we construct adapted, foliated, and 
transverse quantizations Qs, Q2, and Qi, in such a way that 

Q,_i[pV,](p,s,)(p/0=p(Q4V.](s.)(/,)), VzG {1,2,3}. (1) 

Hence, 

Qo[Vo](5o)(/o) = Qo[p'y3Kp's3)ip'h)^p' (Q3[V3](s3)(/3)) . 

Observe that adapted quantization Qt, quantizes objects on M , whereas singular quantization Qq only 
quantizes the objects of M j J- . Eventually, quantization actually commutes with projection onto the 
quotient. 

The proofs of the three stages mentioned in Equation ((T]) are not equally hard. Since foliated geo- 
metric objects on a foliated manifold {M,J-) are in 1-to-l correspondence with 7i-invariant geometric 
objects on the transverse manifold N associated with the chosen cocycle, it is clear that stage Q2 - Qi 
is quite obvious. The passages Q3 - Q2 between the "big" adapted and "small" foliated quantizations, 
as well as transition Qi - Qo from transverse quantization to singular quantization are much more 
intricate. 

The present paper should be accessible for readers who are not necessarily experts in both fields. 
Natural Quantization and Foliation Theory. In order to limit the length of the article, we publish the 
stages Qs - Q2 and Qi - Qo in two different works. This publication deals with the first approximation 
Q3 ~ Q2 for quantization of singular spaces. 
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2 Natural and projectively invariant quantization 

The constructions of Qs, (32, and Qi are nontrivial extensions to the adapted, foHated, and trans- 
verse contexts, of the proof of existence of natural and projectively invariant quantization maps on an 
arbitrary smooth manifold, see |MR05j . In the present section, we concisely describe the basic ideas 
of this technique. 

In the theory of star-products, A. Lichnerowicz extensively used the standard ordering prescription 
Qaff(V) associated with a covariant derivative V. More precisely, consider the space V''{T{E),r{F)) 
of fcth order differential operators between the spaces of sections r(£') and r{F) of two vector bundles 
E,F ^ M over a manifold M as well as the corresponding symbol space r{S''TM (^E* ®F). If V is a 
covariant derivative on E, denote by V*^ : T{E) 9 / — > V^f G T{S^T*M(g)E) the iterated symmetrized 
covariant derivative. Normal ordering map Qaff (V) then associates to any symbol s £ r(tS'TM®i?* ® 
F) a differential operator (5aff (V)(s) e V'' (T{E),T{F)) defined on any section / e T{E) by 

Qaff(V)(s)(/) :-»,(vV) er(F). (2) 



The following example allows understanding the idea, due to M. Bordemann, see [Bor02| . underlying 
the construction of natural and projectively invariant quantizations Q on a manifold M, see above. 
Set M = S", where is the n-dimensional sphere, and G = GL(n -t- 1,M). The elements g G G act 
on g : 3 x ^ gx e R"+^, and on S*", (f>g : S'^ 3 x ^ gx/\\gx\\ e 5", where notations are 

self-explaining. Observe that AI M"+^\{0} S*" = M is a bundle with typical fiber M.^ , and note 
that all g preserve the canonical connection of ]R"+^, but that the induced (j)g do usually not preserve 
the canonical Levi-Civita connection on S*". It seems therefore natural to lift the complex situation on 
M to the simpler situation on M. Thus, in order to define Q[V]{s){f), where, see above, V denotes 
a torsionless covariant derivative on M, s a symbol in r{STM) ~ Pol(r*M), and / a function in 
C°°{M), one constructs natural and projectively invariant lifts 

V ^ V, s ^ S, / ^ /, (3) 

tllGIl sets 

(Q[V](.)(/))~:=Qaff(V)(S)(/), (4) 

where Qaff is the standard ordering. The point is that the normal ordering prescription, see its defini- 
tion, is natural — but of course not projectively invariant — and that we require naturality and projective 
invariance for all the lifts. It immediately follows that Q inherits these properties (if the projection 
onto the base behaves properly). 

One of the proofs of existence of natural and projectively invariant quantizations on an arbitrary 
smooth manifold M is based on the preceding example M = and consists of four stages. In order 
to ensure readability of this paper, we recall some concepts that are basic for further investigations 
and we briefly depict the mentioned four stages. 

2.1 Basic concepts 

Let M' and M" be two smooth manifolds, let m' be a point in Af, and U' a neighborhood of m' . 
Two smooth functions f : U' M" and g : U' ^ M" have at m' a contact of order > r, r e N, if and 
only if f{m') = g{m') —: m" and, for any chart of M' around m! and any chart of M" around to", the 
components of the local forms F oi f and G oi g have the same partial derivatives up to order r at 
to'. It is well-known that it suffices that this condition be satisfied for one pair of charts. The classes 
of equivalence relation "contact of order > r at to'" are the r-jets at m'. 

Clearly, if we denote the coordinates of M' around to' by Z , the r-jet j^'if) at m' of a function 
/ is characterized by the package (9f F')(Z(to')), \a\ < r, z G {1, . . . ,n"}, n" = dim A/". Of course, 
a change of coordinates entails a change of the characterizing package of derivatives. If, for instance. 
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if we exchange current coordinates X in target manifold M" for new coordinates Y, the current and 

new local forms F{Z) = X{f{Z)) and F'{Z) = Y{f{Z)) arc related by F'{Z) = Y{X{f{Z))), where, 
in order to simply, we used notations from Physics. It follows that 

dz^F" = dxaY'dz,F'' (5) 

and that 

dz, z. F" = dx^x^ Y' dz^ F^ dz., F'^ + dx-^ Y' dz., z" . (6) 

These formula; will be needed below. Let us also recall that, for fixed charts, the characterizing package 
of derivatives of the jet j'^; {h o /) of a compound map, is obtained, roughly spoken, by composition of 
the limited Taylor expansions of the local forms of h and /, if one agrees to suppress the terms that 
have order > r. 



Wc denote by P'', r S N, the natural functor of order r — between the category of n-dimensional 
smooth manifolds M and immersions (p : M M' (or, cquivalently, globally defined local diffeomor- 
phisms) and the category of fiber bundles and bundle maps the objects of which are the rth order 
frame bundles P'' M = {jl{f)\ / : G C R" M, Tq/ G Isom(M", Ty(o)M)}, and the morphisms of 
which are the principal bundle morphisms P'^(f) : P^M P^M' defined by {P^4i){jo{f)) — io(0 ° /)• 
The structure group of principal bundle P'M is {jo{'p)\v -.OeUcW^R", (p{0) = 0, To<^ e 

GL(n,M)} and its action on P^M, jo{f)-jo{f) ■= joif ° f), is well-defined in view of the above re- 
mark on jets of compound maps. Note that structure group G\ of the principal bundle of linear frames 
P^M =: LM is G}^ ~ GL(n,R). Remark further that ii jUip) G Gl is characterized by {0\ Al, Sli) 
and Joif) G P^M is characterized in coordinates X around m := /(O) by (X*(m), Sj., T^;)x, then 
io(/)-Jo(¥') = Joif ° f) is characterized by 



iX\m),Bini)x ■ iO\Al,Sl,) = iX\m),BlAlBlSt,+T^,AtAl)x 



(7) 



It is easily verified that the isotropy subgroup of [e„+i] := [(0, . . . , 0, 1) ] G MP" for the canonical 
action of the projective group 



PGL(n + l,M) = 



A h 
a a 



: A G GL(n, M), a G W*, /i G R", a G Mq > /Ro id 



on the n-dimensional real projective space RP", is 

A 



H{n +1,R) = 



a a 



: A G GL(n, R), a G R"* , a G Rq ^ /Ro id 



and that H{n -|- 1,R) acts locally on R" by affine fractional transformations that preserve the origin. 
Hence, H{n -|- 1,R) can be viewed as Lie subgroup of structure group G^. 



Proposition 1. The natural inclusion I : H{n+1,] 



G^ reads I : 



Proof. The natural action of an element 







\ a 


01 



G i?(n+l,R) C PGL(n+l,R) on Z G C/ C 



where J7 is a sufficientlv small neighborhood of 0, is — 
shows that the second jet at of map (f : Z • ^ _AZ^ 
{Q,A).-Aj-^ak- A^k^^j). 



AZ 

Z+l 



A short and easy computation then 
^j^^ is characterized in canonical coordinates by 

□ 



2.2 Stage 1: Ceirtan bundle 

A projective structure on a smooth manifold M is a class [V] of all torsion-frec linear connections 
V on M that are projectively equivalent to V, i.e. that have the same geometric geodesies as V, or 
better still, that verify 

V'xY - VxY = a{X)Y + a{Y)X, (8) 
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for all X,Y e Vect(Af) and some fixed a e n^{M) (H. Weyl). 

The next theorem contains the first of two essential observations, see |MR05| . that allow solving the 
problem of the aforementioned projectively invariant lift V V, i.e. that allow associating a unique 
connection to each projective structure. 

Theorem 1. Let M be a smooth manifold. There is a canonical l-to-1 correspondence between pro- 
jective structures [V] on M and reductions P = P{M, H(n + 1, M)) to structure group H(n + 1, M) of 
the principal bundle P'^M ^ P'^M{M, Gl) of second order frames on M . 

In the sequel, we refer to the bundles P = P{M, H{n + 1, M)) as Cartan bundles. 

2.3 Stage 2: Cartan connection 

The second observation then settles the question of connection lift [V] V: 

Theorem 2. A unique normal Cartan connection is associated with every Cartan bundle P{M, H{n + 
1,R)) of M. 

Let G be a Lie group, H a closed subgroup, g and f) the corresponding Lie algebras, and let 
P = P{M, H) denote a principal _ff-bundle over a manifold M, such that dimM = dim G/iJ. In this 
setting, a Cartan connection on P{M,H) is a differential 1-form uj G ^^{P) ® valued (not in Lie 
algebra f), but) in Lie algebra g, which verifies the usual requirements for connection 1-forms, i.e. 

r> = Ad(s"i)w and uj{X'') = h, 

where Vs denotes the right action hy s € H and where is the fundamental vector field associated 
with /i G f). However, a third condition asks that w„ : T„P — > g be a vector space isomorphism for 
any w G P. Hence, we have kerw^ = 0, so that the basic difference with Ehresmann connections is 
the absence of a horizontal subbundle. For instance, if is a closed subgroup of a Lie group G, the 
canonical Maurer-Cartan form is a Cartan connection on the principal bundle G{G/ H, H). 

2.4 Stage 3: Lifts of symbols and functions 

In view of the preceding remarks, the role of connection lift V to bundle M, see Equation ([3]), is 
played by the unique Cartan connection w associated with the unique Cartan bundle P = P{M,H), 
H = H{n + 1,IR), defined by the considered projective structure [V] on M. Lifting symbols s G 
T{S^TM) and in particular functions / G G°°(M) to objects s and f oi M ~ P, is then quite 
obvious. Indeed, we have T{S^TM) = G°°(piM, 5''R")gl(«,k), where the RHS denotes the space of 
GL(n, E)-invariant 5''R"-valued functions of the linear frame bundle P^M. Since, there are canonical 
projections P C P'^M P^M and H C Gl ^ G^ = GL(n,IR), it is easily seen that 

r(5'=TM) = G°°(piAf,5''«")GL(n,R) - G°°(P,5'=M")h, (9) 

where the i7-action on iS'^M" is induced by the corresponding GL(n, M)-action. 

2.5 Stage 4: Construction of a natural and invariant quantization 

Equations and Q suggest defining a natural and projectively invariant quantization on a smooth 
manifold Af , endowed with a projective structure [V] ~ P, by 

(Q[V](s)(/))~= Oaff(^)(5)(/) = IsiVn'L (10) 

where V" denotes a covariant derivative associated with connection 1-form oj. Whereas can easily 
be defined, it turns out that the RHS of Equation (fTO| is a function of P that is not i/-invariant, 
so that it does not project onto a function Q[V](s)(/) of A/, see Equation ([5]), set k — 0, and note 
that ~ is just the isomorphism ~. The solution consists in the substitution to s G G°°(P, iS'^M")^ 
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of a linear combination of lower degree terms. These are obtained from tensor field s by means of a 
degree- lowering divergence operator Div" = J2j ^e^Vg^. , where {ej)j and {e^)j are the canonical bases 
of K." and R"* respectively. Eventually, it can he proven, see [MR05| . that 



defines a natural and projectively invariant quantization on M, if the coefficients Cke S R have some 
precise values. 

In the following, we study extensions of the just detailed modus operandi to the adapted and 
foliated geometries associated with foliated manifolds. 

3 Adapted and foliated projective structures 

In this section, we investigate the link between adapted (resp. foliated) projective structures and 
reductions of the principal bundle of adapted (resp. foliated) second order frames. 

3.1 Adapted and foliated connections 

Let (M, T) be a foliated manifold, more precisely, let M be an n-dimensional smooth manifold 
endowed with a regular foliation J- of dimension p (and codimension q — n — p). It is well-known that 
such a foliation can be defined as an involutive subbundle TJ- C TM of constant rank p. 

Foliation J- can also be viewed as a partition into (maximal integral) p-dimensional smooth sub- 
manifolds or Jeaves, such that in appropriate or adapted charts {Ui,4>i) the connected components of 
the traces on Ui of these leaves lie in M as W in E" [pages of a book] , with transition diffeomorphisms 
of type ipji = o : cj).i{Uij) 9 {x,y) (?/'ji,i (a:, y), '(/'jj,2(2;)) G (f'jiUji), Uij = C/^ n Uj [the ipji map 
a page onto a page] . The pages provide by transport to manifold M the so-called plaques or slices and 
these glue together from chart to chart — in the way specified by the transition diffeomorphisms — to 
give maximal connected injectively immersed submanifolds, precisely the leaves of the foliation. 

Eventually, fohation T can be described by means of a Haefliger cocycle U = {Ui,fi,gij) mod- 
elled on a g-dimensional smooth manifold A^o- The Ui form an open cover of M and the fi : Ui ~* 
fi{Ui) =: Ni C iVo are submersions that have connected fibers [the connected components of the 
traces on the Ui of the leaves of !F] and are subject to the transition conditions gjifi = fj, where 
the gji : fi{Uij) —: Nij Nji :— fj{Uji) are diffeomorphisms that verify the usual cocycle condition 
9ij9jk — 9ik- We refer to the disjoint union N = WiNi as the (smooth, g-dimensional) transverse 
manifold and to Ti. :—)gij{ as the pseudogroup of (locally defined) diffeomorphisms or holonomy pseu- 
dogroup associated with the chosen cocycle U. 

A vector field X e Vect(M), such that [X,Y] e T{TT), for all Y e T(TT), is said to be adapted 
(to the fohation). The space Vector (M) of adapted vector fields is obviously a Lie subalgebra of the 
Lie algebra Vect(M), and the space r{TJ^) of tangent (to the foliation) vector fields is an ideal of 
Vect;r(M). The quotient algebra Vect(M, J^) = Vectjr(M)/r(rj^) is the algebra of foliated vector 
fields. 

Let {x, y) be local coordinates of M that are adapted to J-', i.e. x — {x^, . . . , x^) are leaf coordinates 
and y = (y^,...,y') are transverse coordinates. The local form of an arbitrary (resp. tangent, 
adapted, fohated) vector field is then X — J2^=i ^''i^^ y)'^i. + Y^1=i ^'(^> y)clii — dx^ , — dyi (resp. 



k 



{Q[V](5)(/))^= iy-f-'f 



1=0 




(11) 




(12) 



i=l 
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where [.] denotes the classes m the aforementioned quotient algebra). 

In Foliation Theory, vocabulary is by no means uniform. Let us stress that adapted and foliated 
vector fields, see Equations (fTT|) and (fT^ . may be viewed as prototypes of all adapted and foliated 
structures used in this paper. 

For instance, a smooth function / G C°°{AI) is foliated (or basic) if and only if Lyf — 0,Vy G 
r{TT). We denote by C°°{M,T) the space of all fohated functions of {M,T). A differential fc-form 
u) G Vl^{M) is foliated (or basic) if and only if iyw = iydw = 0,Vy G r(TJ^), where notations are 
self-explaining. Again, we denote by VL^iM.T) the space of all foliated differential fc- forms of (M, T) . 

It is easily checked that C°°{M,T) x Yect{M,T) 3 (/, [X]) f[X] [fX] G Yect{M,T) defines 
a C°°(M, jr)_niodule structure on Yect{M,T). Furthermore, Vect(M, J") x C°°{M,T) 3 {[X]J) 
L[x]f '■= Lxf £ C°°{M,T) is the natural action of foliated vector fields on foliated functions. Even- 
tually, the contraction of a foliated 1-form a G H^{M,!F) and a foliated vector field \X] G Vect(Af, JT) 
is a foliated function a{[X]) := a(X) G C°^{M,T). 

Definition 1. Let (M, ^) he a foliated manifold. An adapted connection Vjr is a linear torsion-free 
connection on M, such that V : Vectjr(M) x T{TT) TiTT) and Vjr : Vectjr(A/) x Vect:F(M) ^ 
Vect^(M). 

Remark In the following, we use the Einstein summation convention, and, as already adumbrated 
above, Latin indices i,k,l . . . (resp. Greek indices t, k, A . . ., German indices i, 6, 1 . . .) are systematically 
and implicitly assumed to vary in {1, . . . , n} (resp. {1, . . . {1, . . . , q}). 

As torsionlessness means that Vjr.yX = y:F.xY+[Y, X], it follows that Vjr : r(r:r) x Vectjr(M) 

Further, locally, in adapted coordinates, we have — (^X^diY'^ -t- F^'jX'y') dk, so that con- 

dition Vjr : Vectjr(M) x r{TT) r{TT) means that 

Tlx = rL = 0, (13) 

whereas condition Vjr : Vectjr(Af) x Vectjr(M) ^ Vectjr(M) is then automatically verified provided 
that Christoffel's symbols r'j are independent of x, F', = F|'[(y). 

Definition 2. Consider a foliated manifold {M, J-). A foliated torsion-free connection V(J-") on [M, J-) 
is a bilinear map : Yeci{M,T) x Vect(M,:?^) \eci{M,T), such that, for all f G C^Im.F) 

and all [X], \Y] G Vect(M, .?^), the following conditions hold true: 

• V{T)f[x][Y]^fV{T\x][Y]' 

• V{T\x]{f[Y]) = [Y] + fV{T\x][Y], 
. V{T\x][Y] - V{T\Ym + [[XI [Y]]. 

In view of the above definitions, the local form (in adapted coordinates (x,y)) of a foliated vector 
field is [X] = X'^[di], X^ = X^{y), and a foliated connection reads 

v{T)[x] [Y] - X' [a,] + x'r' r{T)l, [d,], r{T)l, = r{T)Uy). 

Proposition 2. // two adapted connections Vjr and of a foliated manifold (M, J-) are projectively 
equivalent, the corresponding differential 1-form a G rt^{M) is foliated, i.e. a G n^{M,J-). 

Proof. In adapted local coordinates {x, y), projective equivalence of V;f and reads (F-^— Fjj)X*F' ~ 
aiX'^Y^ -t- aiY'^X'^ ,yk. When writing this equation for X^ = SI, Y^ = 5\, and fc = [, we get, in view 
of Equation (fT^ . — 0. If we now choose X^ = 5\, — 5\, and fc = i ^ [, we finally see that «[ is 
independent of a;. □ 

The following proposition is well-known: 
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Definition 3. Two foliated connections V(J-") and V'(^) of a foliated manifold {M,T) are pro- 
jectively equivalent, if and only if there is a foliated 1-form a G Q,^{AI,J-'), such that, for all 
[X], [Y] G Vect(Af,^), one has V'(^)[x] [F]- V(^)[x] [F] = ai[X])[Y] + a{[Y])[X]. 

Eventually, adapted connections induce foliated connections. 

Proposition 3. Let {M,J-) be a foliated manifold of codimension q. Any adapted connection Vjr of 
AI induces a foliated connection V(^), defined by ^{J-)[x][Y] '■— [Vjf.x^]- In adapted coordinates, 
Christoffel's symbols r(^)j| of\/(J-') coincide with the corresponding Christoffel symbols rir{| of^ jr. 
Eventually, projective classes of adapted connections induce projective classes of foliated connections. 

Proof. It immediately follows from the definition of adapted connections that for any [X] , [Y] G 
Vect(M, J^), the class V{T)[x][Y] := [Vjf.x^"] e Vect(Af, J^) is well-defined. All properties of fo- 
liated connections are obviously satisfied. If {x,y) are adapted coordinates, we have r(jr)!'|[9f] = 
V(^)[aj[9i] = [V:F.,aA] = [^%,udt] = T^.iJSt], since T^^i, = and T^^,, = r^,u(y)- The remark on 
projective structures follows immediately from preceding observations. □ 

3.2 Adapted and foliated frame bundles 

3.2.1 Adapted frame bundles 

Since an adapted linear frame is a frame (wi, . . . , Wp+g) of a fiber T„iM , m G M, the first vectors 
{vi, . . . , Vp) of which form a frame of T,„jr, we denote by PjrM the principal bundle PjrM = {jq (/) I / ■ 
e U C W ^ M,Tof e lsoin{R",Tf(^o)M),Tf{TJ^o) = TF}, where Tq is the canonical regular p- 
dimensional foliation of M". The structure group of PJ^M is G"^^ = {jo(¥')| <y5 : G C/ C K" 
R",</3(0) = 0,To(p G G'L{n,m),Tip{TTo) = TFq], its action on P^M is canonical. We call Pr^M the 
principal bundle of adapted r-frames on AI. For instance, PjrAI LyrAI is the bundle of adapted 
linear frames of M with structure group 

Gi,^„~GL(n,q,M) = |(^ g ^y.AeGL{p,R),Beg\{pxq,R),DeGLiq,R)Y (14) 

Of course, the isotropy subgroup of [e„+i] for the natural action of 

A B h' \ 

PGL(n + 1,R) = <( ( D h" : A G GL(p, R), B G gl(p x g, R), 

a" a J (15) 



on MP" is 



h' G W 


,L» G GL{q,M 




G R 


'!,a" G M«*,a G Rq} /Moid 






B 


N 




H{n + l,q+l,] 




D 





: A G GL(p,R),P G gl(p X g,R), 






a" 


a , 


' (16) 




D G GL((7,K 


),a" 


G R 


9*, a G Mo} /Roid. 


4. Inclusion I 


: H{n + 1,R 


■) - 




of Proposition [7] restricts to an inclusion ly^^ : 



Hin + l,q+l,R)^Gi^^^. 

Proof. It follows from the proof of Proposition [T] that the representative matrix of the tangent map at 

A B 



of the smooth map ip induced by an element of H{n + 1 , q + 1 ,R) is A = \^ q D J 
conclusion. □ 
We are now prepared to word the adapted version of Theorem [T] 
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Theorem 3. For any foliated manifold {M,T), there exists a canonical injection from the set of 
projective classes of adapted connections [V;r] into the set of reductions Pjr of the principal bundle 
PjrM of J- -adapted second order frames on M to structure group H{n + 1, g + 1, M) C G^^ -p^ . 

Proof. The proof consists of three stages. 



1. Let Vjr be an adapted connection of a foHated manifold {M,T). We will define the reduction 
PjF of P^M to H :— H{n + l,g + 1,R) by means of local sections CTq of P^M over open domains 
Wa C M of adapted coordinates — {xa,ya) that form a cover (Wa) of M. Of course, the fiber 
-pF,m of PjF at m S Wa is then CTqCti) ■ H, where • denotes the action of -p^ on P^M . The reduction 
Pj=- ~ Um£MPj^,m is well-defined if and only if the corresponding cocycle Saf3 : Wafi ■— Wa n Wfj 

jp-qj which links the local sections, CTq = CT/j ■ s^a, is valued in H. 

If SI is Kronecker's symbol and F^.j.^ e G°°{Wa) are Christoffel's symbols of Vjr, we set 



aa:Wa3m^ {Xl^{m),Sl -Tl.kiim))x^ e P^,„M. 



(17) 



Indeed, the image of m is the package of partial derivatives that characterizes in the coordinates Xa 
the 2-jet at of the function / : G t/ C M" ^ M, Tq/ G Isom(]R", r/(o) Af), Tf{TTo) = TT, with 
local form P^(Z) ^ Xi{f{Z)) = X^(to) + - irj^.j^;(m)Z'=Z', where Z G [/ C M". In order to 

compare (Ta{m) ^ (-'^^(m), (5^, -r^.j.;(m))x„ and Uiiim) = (-'^^(™), (5^, -r^.fci(m))x^ for m G 

we write aa{m) using its characterizing package of derivatives in the adapted coordinates Xp. When 

applying formula; ([5]) and ((6]), the transformation law 



^ a- 



kl 



^pOxj^a^ p-bc 



dxkxi 



of Christoffel's symbols, Equation (O, as well as Propositions [T] and [U we get 

(Ja{m) 

cr/3(m) 



(X^(m),<5^,-r^^,,(m))x, • (o,axs^M™)'0) 
ax„x^(m) ■ " 

1 



= a(i{m) ■ Sfjaim). 
Since both coordinate systems, Xa = ixa,ya) and Xp 

so that Sf3a '■ Wap H. 



[xp,yij), are adapted, we have yp = ypiVa), 



2. We now prove that the just constructed reduction Pp of P^M to H does not depend on the 
considered adapted connection Vjr, but only on the projective class [V;p] of this connection. If 
is a projectively equivalent adapted connection, and if we set dxi = di, Equation ^ entails that 



V' 



■,kl 



r* , — akdi + aidk- It follows that 



^{Xl^{m),5l,- 
= {X^aim),Sl,^ 



(m)) 



[( 


' SI 


^ 


)] 




a{m) 







^{Xl^{m),5l,~Tl 
: cra{m) ■ h, 



■ 5lak{m)) 



5lakim))j 



where we used again Equation ([7]). As, in view of Proposition [21 a G il^{M,T) is foliated, we have 
a,, = and h E H. 



3. If the images Pf[V;f] and Pjr[V^] coincide, their fibers over any domain Wa of adapted 
coordinates Xa coincide. In particular, for any m G Wa, there is a unique ha{m) G H, such 
that fT^(m) = aa{m) ■ ha{m). Hence, ha{m) = (0, yl^.j.(m), -A^.j.(m)^a;;(m) - ^Jj.,(TO)^Q,;fc(m)), 
see Proposition [H where ^a;t("2) = 0, see Proposition [H It easily follows that Al^.^.{m) = SI and 
that T'l^^iim) = P„.fei(m) + SlUiim) + Si^a-A^)- Thus, for any X,Y e Vect(M), we have on Wa, 
y'jr.xY-'^jr.xY ^ ^a{Y)X + ^a{X)Y. Hence, ^a = on Wap, and the e C°°(VF„,R"*) define a 
unique differential 1-form ^ G ri^(Af). Eventually, we get [Vjr] — [V^]. □ 
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3.2.2 Foliated frame bundles 

We next prove existence of a similar injection from projective classes of foliated connections into 
reductions of the "foliated" second order frame bundle. 

Consider a foliated manifold {M,!F) and let U — {Ui,fi,gij) be a Haefliger cocycle of J- with 
associated transverse manifold N. As fi is a submersion the fibers (preimages) of which are parts 
of the leaves of the kernel of Tmfi '■ TmUi Tf.(^^^Ni, m £ C/i, is keiTmfi = T^J-^, and Nmfi '■ 
Nr,i{Ui,T) T„^M/TmT 3 [v] (Tmfi){v) G T/.(„)A^ = N f.(m){Ni,Qi) is a vector space isomorphism. 
Of course, (-/Vi,0) denotes the manifold Ni endowed with its canonical foliation by points. Actually, 
the normal functor N is a functor between the category J-M.q of codimension q foliated manifolds and 
smooth maps that preserve the foliations, on one hand, and the category J^B of foliated fiber bundles, 
i.e. fiber bundles whose total space is foliated by a foliation whose leaves are covering space of leaves on 
the base space and bundle maps, on the other (see [Wol89j ). If confusion with the transverse manifold 
N is excluded, most authors denote the normal bundle N{M, T) simply by N . Observe also that N fi 
is just the tangent map T/i viewed as map between normal bundles. 

We now define the principal bundle P^{AI, JT), r € Nq, of normal rth order frames associated with 
any object (M, JF) G Ohi{J-Mq). Remark first that each vector space isomorphism R'' N„i = 
Nm{M, J^), m G M, implements a normal linear frame (ni, . . . ,nq) G N^^"^. In order to obtain such 
isomorphisms, we consider the jets of transverse smooth maps f : E V C M.'^ ^ M, such that 
imT/ ®TT = TM. Indeed, then N^„J : W 3 v ^ [{Tz- f)lv)] G A^/(z"), z" G "1^, is a vector 
space isomorphism. Hence, the set P^{M,!F) (the better notation P^N{M,J^) is not prevailing) of 
normal r-frames is defined by P''{M,T) = {J^(/)| / : G F C ^ M, imT/ © TJ^ = TM}. The 
r-jet Jq (/) at of a transverse function / is the equivalence class of / for the following relation: two 
transverse functions / and g that map a neighborhood 1^ C M"^ of into M are equivalent if and only 
if /(O) = g{0) =: m and, for any submersion X : to G C A/ — ^ that is constant along the leaves 
of the components of the maps ^ :— X o f and © := X o g have the same partial derivatives at 
up to order r. Of course, it suffices that this condition be satisfied for one submersion, li X — (x, y) 
is a system of adapted coordinates of M around to, we can choose X = y. It is helpful to observe 
that (just as Tfi, see above) TX is a pointwise isomorphism of vector spaces from N onto R*, so that 

= TX o Tf. The just defined space P^{M, !F) is a principal bundle over M with structure group 
Gq and projection n"^ : Jq (/) /(O). The right action is given by Jq (/) • Joif) = JqH o (p). Bundle 
P {M,!F) =: L{M,T) for instance, is the principal bundle of normal linear frames. Just as N (see 
above), P^ (or better P^N) is a functor between the categories TAiq and !FB. Let us mention that 
both functors are (prototypes of) foliated natural functors in the sense of |Wol89| . 

Theorem 4. For any foliated manifold (Af , J-) of codimension q, there exists an injection from the 
set of projective classes of foliated connections [\7{J-')] into the set of reductions P{J-) of P^{M,J-) to 
structure group H{q + 1,R) C G^. 

Proof. The proof of this theorem is similar to that of Theorem [31 Hence, we put down only a sketch 
of this proof. 

If V(J^) is a foliated connection of a foliated manifold (Af, JF), the reduction P{J-) of P^{M,!F) to 
H := H{q + 1, R) is defined, over an open domain Wa C M of adapted coordinates Xa = {xa, Ua), by 
a local section 

ao.:Wc.3m^ {yl,{m),dl -r^,nim))x^ G P„',(Af,^), (18) 

where the FJ^.^j G C°°{Wa) are Christoffel's symbols of V{J-). A similar argument than in the adapted 
case, again allows checking that the cocycle s^q, which links CTq and cr^, is valued in subgroup H. Also 
invariance of the reduction for a change of foliated connection within the same projective class, as well 
as injectivity of the just defined mapping between projective classes and reductions, can be verified as 
above. □ 

3.2.3 Projections 

It is a well-known fact (see above, adapted and foliated vector fields, adapted and foliated connec- 
tions) that adapted objects induce (usually) foliated objects. In this subsection, we describe canonical 
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projections from an adapted frame bundle P^M (resp. adapted Cartan bundle Pjr) onto the corre- 
sponding foliated frame bundle P^'{M,!F) (resp. foliated Cartan bundle P{J-)). 

We denote by pjr (resp. p'^{J-)), r > 1, the canonical projection p^-p : PjrM 9 io(/) ^ Jo^^if) ^ 
Pp^M (resp. p^'iT) : P'^(M, JP) 9 JJ(/) ^ Jq^HJ) e P''"H^^> •^))- Furthermore, if / : S C/ C 
R" ^ M, To/ e Isom(R",T/(o)^), ^/(TJS) TJ^", and if i,, : M« 9 z" (0, z") e R", then, 
obviously, f o ig : ^ V C M.'^ ^ M, imT{f o i^) © TJF = TA/. Since two foliation preserving locally 
defined diffeomorphisms / and g that have the same jets Jo(/) = joid)^ induce two transverse maps 
f oiq and goig^ such that Jgif oiq) = J^{goiq)^ there is a canonical projection -^p^ : PyrM 9 j5(/) i-^ 
JSif ° iq) e P^'iM^T). Observe that if Z = (z', z") G x M« = M" (resp. X = {x, y)) are adapted 
coordinates in (R",jro) (resp. {M,!F) around /(O)), jet jQ(/) is characterized by the derivatives 

9|(X^(/(Z)))(0),|a| <r,zG{l,...,n}, 

whereas jet Jq (/ o ig) is characterized by 

d^„{y\f{0, z")))(0) = 9,"„(2/'(/(^)))(0, 0), |a| < r, i £ {1, . . . , q}. 

Proposition 5. For any foliated manifold {M,J-) endowed with an adapted projective structure and 
the induced foliated projective structure, projection ■^p^ ; PjrM — > P^ [M, J-) restricts to a projection 
■^p^ : Pjr P[T), and the diagram 

Pjr C P^M ^ LjrM 

P(^) C p2(Af,^) ^'i^^ L{M,T) 

is commutative. 

Proof. It suffices to prove that ■^p^ maps Pjr into P{!F). Consider a point of Pj^.m, m G M, i.e., in 
adapted coordinates X — {x,y) around m, see Equation ()17p . a point 

where the element of G^^ is induced by a member 

(a ?)"^"(o 

of iJ(n + 1, g + 1, R). When using Equation fT]), the above description of ■^p'' in terms of packages of 
derivatives, the local characterization of an adapted connection, see Equation (|13p . as well as Propo- 
sition [31 we see that the considered point of Pjp-.m is mapped by •^p^ to 

{y\m),D\, -D\a'; -D\a'i -T{T)\^{m)D^,D\)x - {y\m),5\, ~T{T)Um))x ■ {Q\D\, ~D\a'( - D\a'i). 
It then follows directly from Equation (fTS]) and Proposition [T] that -^p^ is valued in P{J-). □ 

4 Lift of adapted and foliated symbols 

Below, we study adapted and foliated symbols, as well as their lifts to the Cartan fiber bundles Pjf 
and P{J-). Investigations are again similar in both settings. Whereas we detailed above the adapted 
situation, we describe below especially the foliated case. 
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4.1 Foliated differential operators and symbols 

We have already mentioned, see Subsection 13.2.21 that N, LN, and more generally P^N, r e No, 
are (covariant) foliated natural functors, i.e. (regular) functors F : TMq — > J-B, such that for any 
morphism / : {Mi.Ti) (1^2,^2), morphism F{f) : F{Mi,Ti) F{M2,T2) covers / and is 
pointwise a diffeomorphism. 

For instance, if [M, T) is defined by means of a cocycle lA = {Ui, fi,gij), submersion fi : {Ui, !F) — > 
(iVi,0) (resp. diffeomorphism gji : {Nij,0) — > {Nji,0)) is a morphism of J^Mq, and the corresponding 
morphism N{fi) (resp. N{gji)) is a pointwise isomorphism 

Nmif,) : N^{U,,T) ^ %(„)(7V„0) = T/,(™)iV„ (19) 

m (resp. 

N,n {gJ^ ) = T„ {gj, ) : iV,„ {N,j , 0) = T„,N,j ^ A^^^, („) ( A^^-, , 0) = Tg^, („) A^,, , (20) 

m G Nij). It is easily checked that {N{Ui, J-), N{fi), N{gij)), and more generally {F{Ui, T), F{fi), 
F{gij)), is a cocycle that defines a foliation J^i? on the total space F{M, T) (and that is independent 
of Z-/). Hence, the name "foliated natural bundle". Further, it follows from Equation (fT^ that 

N(U,,T) ~ /*iV(iV„0) = /*rA^,. (21) 

More generally, Fu = Uif* F{Ni,0) / ^, where {i,m',v') ~ {j,m",v") if and only if m' — m" and 
v" = F{gji){v'), is a well-defined fibre bundle over M. The projections 

/*F(7V„0) ^i^(iV„0) (22) 

define a foHation on Fu. It is obvious, see preceding equations, that (the foliated) bundle F{M,T) is 
isomorphic to (the foliated) bundle Fu and that this isomorphism is foliation preserving. 

The "mental picture" of foliation induced on F{M, T) is clear from Equation (I22|) . In particular, 
foliation J^p has the same dimension as foliation T and its leaves project onto the leaves of T. 

Let us also recall (see IWolSQI I that a foliated geometric structure is a foliated subbundle of a 
foliated natural bundle F{M,!F), i.e. a subbundle (in particular a section) the total space of which is 
saturated for foliation J-p ( "it contains as many leaves as can reasonably be expected" ) . 

Definition 4. A foliated differential operator of a foliated manifold (M, J-') (where T is of dimension 
p and codimension q) is an endomorphism D € EndR(C°°(M, JT)) that reads in any system of adapted 
coordinates (a;, y) — [x^, . . . , a;^, y^, . . . , y'') over any open subset U C M , 

h\<k 

where fe G N is independent of the considered adapted chart and where the coefficients G C°°{U,J-) 
are locally defined foliated functions. The smallest possible integer k is called the order of operator D . 

We denote by V{M,!F) (resp. 'D'^{M,!F)) the space of all foliated differential operators (resp. all 
foliated differential operators of order < k). Of course, the usual filtration 

ViM,T)^UkeNV''iM,T) (23) 

holds true. 

Definition 5. The graded space S{M,J-) associated with the filtered space T){M,J-), 

S{M,T) = (BkeNS\M,T) = (BkeN'D''iM,T)/V''-\M,T), 
is the space of foliated symbols. 
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It is easily checked that the well-known vector space isomorphism between the spaces of symbols 
of degree k and of symmetric contravariant fc-tensor fields, extends to the foliated setting, 



S''N) 



where the RHS denotes the space of foliated sections of the foliated natural bundle S'''N{M,T) (see 
above, foliated geometric structures). Below, we identify these two spaces. 



Theorem 5. Let {M,J-) he a foliated manifold of codimension q endowed with a foliated projective 
structure [^{J-)], and denote by P(J') the corresponding reduction of P^(M,!F) to H{q + 1,R) C G^. 
The following canonical vector space isomorphisms hold: 

^: SHM,T) = T{S''N{M,Ty,Ts^N) ^s^Se C7°°(L7V(M, .F), S'^'M"; ^l^) GL(g,M) (24) 

A : SHm,T) = TiS''N{M,T);Ts^N) 3s^s= ~sop\T) e (PiT), S^'W; Tp2N)H(g+iM)- (25) 

Proof. 1. Observe first that the foliated natural vector bundle S''N{M,T) is associated with the 
foliated natural principal bundle LN{M, T) of normal linear frames: S'^N{M, T) = LN{M, T) x GL(q,R) 
S^W. Hence, only the foliated aspect of Isomorphism ((24|) has to be explained. Consider a section 
s G T{S^N{M,J^)]TskN) and a normal hnear frame Um = {[vi], ■ ■ ■ , [vq]) G LN,n{M,T). Isomorphism 
~ is of course defined by s{um) — (s'^ (m)) € S'^M.'^, where the RHS is made up by the components 
of s„i — X]ii< <ik s*^ ' *'' (m)[wij V ... V [vi^] in the induced hnear frame of S''Nm{M,J^). Hence, the 
GL(g, K)-equivariance of s is obvious. But this function is also foliated, i.e. locally constant along 
the leaves of J^ln- Indeed, let {Ui, fi, gij) be a defining cocycle of J^, and let u'^, G LNm'{M, T) be a 
normal linear frame on the same local leave of !Fln than Um', the leaves of J^ln are locally defined by 
the projections 

f*LN{N,, 0) = f:LTN, -> LTN,. (26) 

Since section s is foliated and as the local leaves of the corresponding foliation J-s^n are defined by 
the projections f* S^N{Ni,Q) = f*S''TNi S'^TNi, it is clear that the tensors Sm and Sm' have the 
same components in the frames Um and u'^, respectively, so that s{um) = s(m^/). A similar argument 
shows that to any foliated equivariant function is associated a foliated section. 

2. We will show in Point 3 that the spaces of foliated equivariant functions on LN{M,T) and 
on P{T): see Equations ([24]) and ([25|) . are isomorphic. This is a foliated variant of a result that has 
already been proven in [MR05| . 

Let us recall that the action p of H{q + 1,R) ~ GL(q,M) x W* on S^Mfl is induced by the action 
poi GL(g,R) on S^W: 

p{-)- (27) 
a 

In order to understand that the target space of Equation (|25p makes sense, observe that P{J^) 
is a foliated subbundle of the foliated natural bundle P^N{M,!F). Indeed, first it is clear that 
if (f> : {Mi,Ti) {M2,J-2) is a morphism of category TMq, then the corresponding morphism 
P'-Nicl)) of category J^B is defined by P'^iV((/)) : P'-N{Mi,Ti) 3 J^{f ) ^ JJ((/'o /) G F''iV(M2, ^^2); 
in particular, P''N{fi) : P'-NiU^T) B J^{f) ^ jHf^ o /) g PTA^„ with self-explaining nota- 
tions. Furthermore, since, in adapted coordinates X = (x, y) over an open subset W C M, we 
have (j{x,y) = {y^,5\,—T{T)\^{y)) G P(^x^y){!F), see Equation dTH]), the local section a of P{J-) 
is constant along any local leaf of J- in W . Hence, a is valued in a leaf of Tp-^N- Eventually, 
the action by an element h — jQ{(p) G H{q + 1,K) C maps a local leaf of J-p-ijq into an- 
other local leaf. As a matter of fact, if = Jgif) and u'^ = Jo(/') belong to the same lo- 
cal leaf of Tp2^, we have j^if, o /) = P^N{f,){u^) = P^N{f,){u'^) - j^f, o /'). But then, 
P^Nif,){u^ ■ h) = ° / ° V') = Jlih of'o^) = P^Nif,)iu'^ ■ h). Thus, P{T) is actually a 
fohated subbundle. 

3. Observe first that mapping p := p^{T) : J§{f) G P{T) C P^N{M,T) J^{f) G LN{M,T) is 
surjective. Indeed, the fiber LNm{M, T), m G M, is equivalent to GL((7,M). On the other hand, in 









p 




")] 
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adapted coordinates X — {x,y) around m, the projection of the corresponding fiber P„i{J-) of P{J-) 
is made up, see Equation p^ . by the elements 

p(<j{m) ■ h) = p((y'(™), 4, -^i^)nim))x ■ (0\ A, - ^l^t)) = (y'M, A)x, (28) 

where h runs through H{q + 1,M), so that A runs through GL(g, M). 

For any f e C°°(L7V(A//, J^"), S-feR?; jr^^)(.L(5,H), we now set f = f o p g C°°{P{T), S'^m). This 
map f is H{q + 1, R)-equivariant. Actually, for any -u^^ € P„i{!F), u^^ = {y^{m),Bl,Tf\)x , and any 
h = {0\A\, -A\ai - A\at) G H{q + 1,R), we have 

/(p« • h)) = /((y'(m),BiA")x) = /((2/'M,^Dx • (0',4)) . . 

= = ^^^^ 

in view of Equation Eventually, f G C°°(P(J^), S'^^'M'; JPp2^)jj(^+i_R) . Indeed, if = J^{f) and 

m'^ = Jo(/') are two points on the same local leaf of J^p^^ in P{^), see Point 2, then f{p{v?)) — 
fiJoif)) = fiJoif'j) = fipiu'^)), since / is locally constant along the leaves of J^ln- 

It is clear that A : f i— > f is linear and injective (since p is surjective). Map A is also surjective. Indeed, 
any function g G C°°iPiJ^), S'^R'^;Tp2]\i)H{q+i^R} factors through LNiM.T), i.e. g — Qop. Note first 
that it follows from Equations (HE]) and ([^ that for any G LNiM,T) and any A G GL(g,R), 
there is G -P(^) and h G Hiq + 1,K), such that p(u^) = u^, A is the upper left submatrix of h, 
andp(w^ -h) =u^ ■ A. Hence, 0(u^ • ^) = giu'^ ■ h) = pih^^)giu'^) = piA^^)2iu'^), and g is GL(q,M)- 
equivariant. It is also well-defined, since, if u^, u'"^ G PiT) project both onto u^, we have w'^ = ■ h, 
h G Hiq+1,R), andwi u^-A. Thus, ^ = id, giu^-h) = giu^), andg G C"^(LiV(M, JC"), S''=R«)GL(g,R) ■ 
In order to prove that g is foliated for J-lN: observe that, as the leaves of J-p^N, r G No, are locally 
defined as the fibers of submersion 

P^Nif,) : P'W(C/„^) 3 r^if) ^ j5(/, o /) G PTiV,, (30) 

the local leaves are made up by the jets J^if) 7^ Joif ) of those transverse functions / and /', the 
last q adapted coordinates of which have the same derivatives at up to order r, but that map 
to m := /(O) 7^ /'(O) —'■ m' on the same local leaf of T in see definitions of the jets Jq and jg. 
Equation then entails that two jets = Jgif) and u'^ — J^if) on the same local leaf of Tln are 
the projections of two jets v? and u'^ of PiJ- ) on the same local leaf of Tp^j^. Hence, g is foliated. □ 

It is interesting to observe that (the mental picture associated with) foliation J-ln is of course the 
same, irrespective of the fact it is defined by Equation or by Equation ([50]) . 

4.2 Adapted differential operators and symbols 

As aforementioned, in order to limit the length of this paper, we confine ourselves in the adapted 
case to a description of the main points. Hence, we refrain for instance to give a general description 
of adapted natural functors, see Wol89 , but provide examples of such functors. 

Let iM,J-) be a foliated manifold of dimension p and codimension q and denote by iUi, fi, gtj) a 
cocycle of T. Then, for any r G No, P''C/j ;= P^J/i, 

P:if^) ■■ P^U, 3 foif) ^ jlif, o / o z,) G Po'-A^, = P^N,, (31) 

and Pf igij ) : P^'Nji 9 Jq (5) 1-^ Jq (5^ og) G P^Nij , form a cocycle that defines a foHation Tpr on PjrM. 
Consider now an adapted atlas of (M, !F) and take an adapted chart (f/, </>), (j) = (</>!, </'2) : U MP xR"^ . 
The map 

(1)2* : LjrU 3 ivi, . . . ,Vp,Vp+i, . . . ,Wp+g) iT(f>2ivp+i), . . . , T02(t^p+q)) e LR"^ (32) 

is a submersion that defines a foliation J-^ on LjrM. It is clear that foliation J-^pi, defined by Equation 
dSU, and fohation J^l_, defined by Equation ((5^ . coincide. Moreover, the leaves of !Fpi = Th_ project 
onto the leaves of T (since P}ifi) and 02* are bundle maps over fi and 02, respectively) and the 
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dimension of foliation J-^ is p + np (no restrictions imposed, neither on vi, . . . ,Vp G TJ-, nor on the 
tangential parts of Wp+i, . . . , Vpj^q). The "mental picture" of J-l follows. 

Foliation !F similarly induces a foliation Tt on TM (defined for instance by means of T(j)2 : TU 
M''). Observe that adapted vector fields of M, see Equation (fTT|) . coincide with sections of TM that 
are foliated for Tt: Vect;r(M) = T{TM;Tt). 

Let us also mention that adapted functions are just foliated functions: C^{M) :— C°° {M, T). 

Definition 6. An adapted differential operator of a foliated manifold (M, {where J- is of dimension 
p and codimension q) is an endomorphism D G EndK(C°°(M)) O EndR(C^(M)) that reads in any 
system of adapted coordinates {x, y) — {x^ , . . . ,x^,y^, . . . ,y'') over any open subset U C M , 

D\u = E ^7 di ■ ■ ■ dlldf' . . . d;V\ 

\l\<k 

where k € N is independent of the considered adapted chart, where G C°°(U), and where the 
coefficients with = . . . — = are locally defined adapted functions. The smallest possible 
integer k is called the order of operator D. 

We denote by Vjr^M) the filtered space of all adapted differential operators on (M, JF). The 
corresponding graded space Sjr[M) is the space of adapted symbols on {M,T). Of course, Sjr{M) ~ 
T j:{S^TM)^ where the RHS denotes the space of adapted sections of S^TM . The definition of adapted 
sections of S^TM is clear in view of the definitions of adapted vector fields and adapted differential 
operators. Furthermore, as in the case of the tangent bundle, foliation J- induces a foliation J'sI't 
on S''TM (defined by means of the extension (T02)® : S''TU S'^W of T02 = TU ^ W) and 
adapted sections of S^TM coincide with sections of this bundle that are foliated for J-s^t- — 
Tjr{S^TM) = T{S^TM;TskT)- Below, we identify the first two of the preceding spaces. 

Theorem 6. Let [M,!F) be a foliated manifold of codimension q endowed with an adapted projective 
structure [Vjr], and denote by Pj: the corresponding reduction of P^M to H{n + 1, q + 1, M) C G'^.-p-^ . 
We then have the following canonical vector space isomorphisms: 

^: S^{M) = r^iS'^TM) 3s^Se C^{L^M, S-'K") GL(n,g,R) (33) 

A : 5>(Af) = r^S'^TM) 3 s ^ s ^ s o p^^ e C^(P^, 5'=M")h(„+i,,+i,r) • (34) 

The proof of this theorem is on the same lines than that of Theorem [SI Let us explain the meaning 
of in Equations (|33|1 and p4|) . In the following, we denote by Pn.q canonical projections, such as 
Pn,q ■■ GL(n,g,M) ^ GL(g,M), : S'^W S'^W, ... Adapted functions / G C^(P^M, S''=R") are 
then the functions / G C°° (P^M, S'^W), for which p„,, o / G C°°(P^M, S''=K«; JPp--) is foliated for 
J^pr-. If we set fc = 0, we get that adapted functions coincide with foliated functions, see above. 

4.3 Projections 

Adapted symbols project onto foliated symbols. Indeed, we have the 

Proposition 6. For any foliated manifold {M,J-), there is a canonical degree-preserving projection 
: <S^(M) — > S^{M^!F), fc G N. // the considered foliated manifold is endowed with an adapted and 
the corresponding foliated projective structures, and if ■^tt (resp. ■^tt) denotes projection -^n read through 
the isomorphisms ~ {resp. A) detailed in Theorems\^ and\^ we have, for any symbol s G S^{M), 

keN, 

(•^TTs) O^p^ = pn q O S {rCSp. (■^TTs) O^p^ = p^ q O s). (35) 

Proof. As usual, we denote by n the dimension of M and by p (resp. q) the dimension (resp. codi- 
mension) of J^. Since -^p^ : P^M 3 jgif) ^ J^if o iq) G P^{M,T), as jl{f)^ /(O) = m, corresponds 
to the basis (wi, . . . , w„) G (T^M)^", 

v.=Y,dz.{X={f{Z))mdj,,, 



Quantization of Singular spaces 



16 



where Z — {z', z") are canonical coordinates in K" = x R"? and X = {x, y) are adapted coordinates 
in M around m, and as Jo(/ o iq) corresponds to the basis (rii, . . . ,nq) G (Nm)^'^, 

nt = ^9,,n(y'(/(^)))(0)[9,,]. 
j 

we see that ^p^{vi, . . . ,t;„) = ([wp+i], • ■ • , [vp+q])- 

Consider now s G 5^(M) r^(S''^TM) = r^(L^M Xgl(„^^^r) S''^R") and set 

s(m) = [(wi,...,i;„),(s*i--"=(m))]GL(„_,^K), (36) 

where m G M, and where (s*i ' *'' (m)) is the tuple of components of s(m) in the basis induced by 
{vi, . . . ,Vn)- Define projection "'V by 

(•^■^S)(m) [VK,...,t'n),Pn.,(s'^-'''M)]GL(,.R) = [( bp+l] , . • . , bp+g] ) , (s^ ' ' M)] gL(,.B) 

GLiV„,(M,^) Xgl(,.r) 5'=R9 

(37) 

Since s is adapted, we have ^tts g T{LN{M,T) XGL(g,R) S''=R«; J^s^at) = T{S''N{M,T)-J='s>^n) = 
S^{M, T). Of course, '^tts is well-defined. Indeed, if ^ G GL(7i, R), and if we denote the submatrices 
of A by A,B,D, we get 

V((^^i, ...,«„)■ ^) = . . -.Ai-vu^) = (^^:!''+M^p+t.+j, . . . ,^^t^'bp+E,+j) 

= (i5j-+^K+t^^J, . . . ,Z?^+'K+j^^J) . . . , [i;p+,]) . D 

and 

p„,,(p(^-i)(s'-'n"^))) = {A^lf;"'' ...A;X'\,^+^^---P+^''{m))=p{D^^^ (38) 

Let us recall that the isomorphism between the space T{B XgV) of sections of a vector bundle 
BxqV Af associated with a principal bundle -B(M, G, tt) and the space C°°{B,V)g of G-equivariant 
functions, assigns to a section s the function s that maps a "basis" b € B to the "components" v of 
the "vector" s(7r(6)) = [6, w]g in "basis" b. It therefore follows from Equations ([36|) and (|37p . as well 
as from the definition •^tts = ('^tts), that the first part of Equation ([35|) holds true. 

Eventually, s = s op^(jr) (resp. s = s op^) in the foliated (rcsp. adapted) case. The second part 
of Equation (|35p is then a consequence of the definition -^tts = ('^tts), of Proposition [5l and of the first 
part of Equation (j35p . □ 

Remark. Natural projectively invariant and equivariant quantizations are often valued in dif- 
ferential operators between tensor densities of weights A and fi. Symbols are then sections in 
T{STM ® A'^TM) = r{LM Xgl(«,k) (-S'R" A^'R")), where ^ - X, where A'^TM is the line 
bundle of j/-densities on M and A^R" is its typical fiber. As the action of a change of basis, say 
A G GL(n,R), on the component r of a i^-density of R" is, as easily checked, p{A~^)r = r\ det^j'', we 
get, for A G GL(n, g,R), 

Pn,g{p{A-^)r) ^ r\detA\''\detD\'' ^ rldetDl"" ^ piD-'^y, 

see Equation ([55]). Hence, diff'erential operators between tensor densities, see |DL099) . [MR05j . or even 
between sections of arbitrary vector bundles associated with the principal bundle of linear frames, see 
[BHMP02] ■ [Han06] . are more intricate. Corresponding investigations are postponed to future work. 

5 Construction of the normal Cartan connection 

The method exposed in |MR05| in order to solve the problem of the natural and projectively 
equivariant quantization uses the notion of normal Cartan connection. We are going to adapt this 
object firstly to the adapted situation and secondly to the fofiated situation. Finally, in a third step, 
we are going to analyze the link between the adapted normal Cartan connection and the foliated one. 
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5.1 Construction in the adapted case 

First, recall the notion of Cartan connection on a principal fiber bundle : 

Definition 7. Let G be a Lie group and H a closed subgroup. Denote by q and t) the corresponding 
Lie algebras. Let P — > AI be a principal H -bundle over M , such that dimM = AivaG/H. A Cartan 
connection on P is a Q-valued one-form lj on P such that 

• If Ra denotes the right action of a ^ H on P, then R*uj = Ad(a^^)ti;, 

• If k* is the vertical vector field associated to k El), then uj(k*) ~ k, 

• \/u £ P, uju ■ TuP Q is a linear bijection. 

Recall too the definition of the curvature of a Cartan connection : 

Definition 8. If uj is a Cartan connection defined on a H -principal bundle P, then its curvature f2 is 
defined as usual by 

O = + (39) 

Next, one adapts Theorem 4.2. cited in |Koba72| p. 135 in the following way : 

Theorem 7. Let Pjr be an H{n + l,q + l,R)-principal fiber bundle on a manifold M. If one has a 
one-form U-i with values in R" of components lo^ and a one-form loq with values in gl(n,q,M) (the 
Lie algebra o/ GL(n, (7, M)J of components lu^^ that satisfy the three following conditions : 

• uj-i{h*) — 0, LL)Q{h*) — ho, yh £ gl(n,(j,M) +M^*, where hg is the projection with respect to 

gl(n,g,R) ofh, 

• (i?a)*(w-i + cjJq) = (Ad a^^){LO-i +LUo)i Va £ H{n + l,q+ 1,K), where Ad a^^ is the ap- 
plication from R" + gl(n,q,R) + R'?*/R'?* in itself induced by the adjoint action Ad a^^ from 
R" + gl(n, q, R) + R«* into M" + gl(n, g, R) + R^* , 

• If uj^i{X) = 0, then X is vertical, 
and the following additional condition : 

dw' = -Y,ujlhu:\ (40) 

then there is a unique Cartan connection lj = lo^i+loq+loi whose curvature i7 of components (0; fi* ; fij) 
satisfies the following property : 

n 

J2 K^i^O, £{p+l,...,n},Wl, 

i=p+l 

where 

Proof. The proof goes as in |Koba72| . Let uj = (tj* ; ; ) be a Cartan connection with the given 
(uj^^Lj^j). Thanks to the definition of the curvature, we have 

dij] = - ^ A w| - uj' a uj, + J2 A uj^ + fl) (41) 

and 

dujj = — ujk Aujj -\- rij . 

Applying exterior differentiation d to (PH]) . making use of (|40p and (|4ip and collecting the terms not 
involving a;* and ujj , we obtain the first Bianchi identity : 

n) A uj^ = 0, 
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or equivalently, 
Then the condition J27=p+i ^ju ~ ^ imphes also 



^jkl + ^klj + ^Ikj 



J2 Kl^i = 0. 

i=p+l 

Now prove the uniqueness of a normal Cartan connection. Let uj = (w* ; ; to) be another Cartan 
connection with the given (w*; w]). Thanks to the fact that uJj — uij vanishes on vertical vector fields, 
we can write 

where the coefficients Ajk are functions on P. Denoting the curvature of w by = (0;ri* ;rij) and 
writing 

we obtain using (|41]) the following relations between Kjf^i and i^j^,; : 
Hence, 

n 

J2 (Kki - Kl,i) = (g + l){Aki - Aik), (42) 

i=p-\-l 

n 

J2 {K],a - K]^ ^{q- l)A,i + {A,i - Ai,). (43) 

i=p+l 

If u! and UJ are normal Cartan connections, i.e., X^iLp+i ^ji/ ~ Ei"=p+i -^jii ~ 0, then Aij — and 
hence lo = lu. This prove the uniqueness of the normal Cartan connection. 

To prove the existence, one assumes that there is a Cartan connection lu = (w*; wj; Wj) with the 
given {u}^;ojj). The goal is then to find functions Ajk such that ZJ — (w*;cj*;(Uj) becomes a normal 
Cartan connection. If 1 < j < p, Ajk is of course equal to zero. If p + 1 < j < n and if p + 1 < k < n, 
one can view thanks to and that it suffices to set 

= (g+i)(g-i) E - ^ E (44) 

If 1 < fc < p, one sees thanks to (|43|) that it suffices to set 

n 

= - E -^hk- (45) 

The last step of the proof consists in showing that there is at least one Cartan connection u with the 
given (w'jCjp. Let {Ua} be a locally finite open cover of M with a partition of unity {fa}- If (^a is 
a Cartan connection in Pj:-|?7q with the given {uj'';ujj), then X]q(/q ° is a Cartan connection in 
Pjr with the given (w*;a;*), where tt : Pyr M is the projection. Hence, the problem is reduced to 
the case where Pyr is a product bundle. Fixing a cross section cr : M — > Pjr, set = for every 

vector X tangent to a{M). If Y is an arbitrary tangent vector of Pjf, we can write uniquely 



Y^Ra{X) + W, 
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where X is a vector tangent to a{M), a is in H{n + 1, g + 1, R) and is a vertical vector. Extend W 
to a unique fundamental vector field A* of Pjr with A e gl(n, q, M) + M'*. Thanks to the properties of 
the Cartan connections, we have to set 

u;{Y)^Ad{a-^){uj{X)) + A. 

This defines the desired (i-Uj). Actually, X is equal to (cr* o tt^)Y and one can take the section a equal 

to (Tq. □ 

One can remark that the codimension of the foliation has to be different from 1. 
One can define on Pyr an one-form in the following way : 

Definition 9. If u = jgf is a point belonging to Pjr and if X is a tangent vector to Pjr at u, the 
canonical form 9jr of Pj^ is the 1-form with values in R" ® gl(n, g, R) defined at the point u in the 
following way : 

where e is the frame at the origin of R" represented by the identity matrix. 

Theorem 8. One can associate to the projective class of an adapted connection [Vjr] a Cartan con- 
nection on Pjr in a natural way. We will denote by lujt this Cartan connection. 

Proof. The canonical one-form defined above is the restriction to Pj^ of the canonical one-form of 
P^(M) defined in [Koba72j p. 140. It is too the restriction to Pjf of the restriction to P of the canonical 
one-form of P'^{M), where P is the projective structure associated to Vjp defined in |Koba72| . Thanks 
to the fact that the canonical one-form on P satisfies the properties of Theorem 4.2. mentioned in 
[Koba72j . 9yr satisfies the properties mentioned in Theorem [71 One defines then the adapted normal 
Cartan connection as the unique Cartan connection on Pyr beginning by 9yr and satisfying the 
property linked to the curvature cited in Theorem [71 Because of the naturality of this property, the 
naturality of 0jr and the uniqueness of the Cartan connection mentioned in Theorem [71 wjr is a Cartan 
connection on Pyr associated naturally to the class [Vjr] . □ 

5.2 Construction in the foliated case 

The reduction P{J-) is actually an example of a foliated bundle defined in [Blum84] . The Cartan 
connection that we are going to define on it is an example of a Cartan connection in a foliated bundle 
defined too in [Blum84j . It is the reason for which we are going first to recall the definitions of these 
notions. 

Definition 10. Let M be a manifold of dimension m and let J- be a codimension q foliation of M . 
Let T(M) be the tangent bundle of M and let TT be the tangent bundle of T . Let H be a Lie group 
and let TT : P M be a principal H-bundle. We say t: : P M is a foliated bundle if there is a 
foliation J- of P satisfying 

• T is H -invariant, 

• Vu = {0} for all ueP, 

• T^*u{Eu) = TTyriu) for all ue P, 

where E is the tangent bundle of J- and V is the bundle of vertical vectors. 

Definition 11. Let J- be a codimension q foliation of M . Let G be a Lie group and let H be a closed 
subgroup of G with dimension (G / H) — q. Let -k : P M be a foliated principal H-bundle. Let q be 
the Lie algebra of G and let () be the Lie algebra of H . For each ^ g f), let A* be the corresponding 
fundamental vector field on P. 

A Cartan connection in the foliated bundle n : P M is a Q-valued one-form uj on P satisfying 

• uj{A*) = A for all ^ G f), 
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• {Ra)*uj = Ad(a ^)uj for all a ^ H where Ra denotes the right translation by a acting on P and 
Ad(a~^) is the adjoint action of on g, 

• For each u £ P , tOu ■ T^P is onto and lOu{Eu) = 0, 

• Lx^jJ = for all X G ^{E) where T{E) denotes the smooth sections of E and Lx is the Lie 
derivative. 

Theorem 9. The reduction P{T) is a foliated bundle. 

Proof. One can easily view that Tpif^ satisfies the properties of the definition of a fohated bundle : 
first, Tpix is ii(ci + 1, R)-invariant because, if (C/i, fi,gij) is a cocycle corresponding to the foliation 
J^, if Jq / S -P(^) and if io(/i°/) is constant, then (/^ o / o /i) = jg (/i o /) o ^^(/i) is constant, where 
jUh)eH{q + l,R). 

If X e K, then X = ^it exp(t/i)|t=o, where ft S f}(g + 1,M). If m = Jo(/) and if exp(tft) = ^0(5*), 
then j^ifi o f o gt) is constant if X is tangent to the foliation ^Fp-iN- One has then that Jg (/ ° 9t) is 
constant and then X — Q. 

If X is tangent to the foliation J-p2j^, then X = -^j{t)\t=o, where ■y{t) G Fp2f^. Then 7rJ,^(X) = 
^7r^(7(t))|t=0: that belongs to T^^(„) because 7r^(7(i)) belongs to T. Indeed, if 7(t) = Joift): 
fi o ''r^(7(t)) is constant because Jo(/i o /t) is constant. □ 

Theorem 10. One can associate to the class of a foliated connection [V(J^)] a Cartan connection on 
P{J') in a natural way. We will denote this connection by w{J-). 

Proof. If {Ui,fi,gij) is a Haefliger cocycle of the image by P'^N{fi) of P{F)\ui is a reduction 
of P2iv(/,)(p2^([/,,^)) to H{q + 1,R). Indeed, if j^{h) G H{q + 1,E), j^if, o fjj^{h) - jg2(/, o 
/ o ft) = P^N{f,){Jif o jg2(/j)), ^ith J2/ o j2(ft) G P(^) if J2/ G P(.F). Moreover, if ]l{f, o /') 
and jg(/i o /) belong to the same fiber, then fi o /'(O) — fi o /(O). If y denotes the passing to the 
transverse coordinates of an adapted coordinates system, one has then jQ{y o /') — {x^ , SI, —T'ji.)H' 
and jg (yo f) = (x* , , -T^^f.)H, with and iJ' belonging to H{q + 1, M) and with the r*^. equal to the 
Christoffel symbols of We have thus o /') = jl{fi o f)H-^H', with H'^H' G H{q + 1, M). 

We will denote by P the reduction of P'^N{fi){P'^N{Ui,T)) to H{q + 1,M). 

One builds locally the normal Cartan connection lo{T) on P{F) in the following way : if oJ denotes 
the normal Cartan connection on P, then u){T)\p2j^(ij.^jr-^ := {P^N{fi))*LJ. 

One can show (see |Blum84j ) that the connection uj{F') is a well-defined foliated Cartan connection. 

Thanks to the naturality of the normal Cartan connection, oj{F) is associated naturally to the class 
of the foliated connection [V(J-')]. □ 

One can remark that, as the foliation Tp2x is of dimension p, the third condition of the definition 
of a foliated Cartan connection implies that, in our case, the kernel of lo[T)u will be exactly equal to 
the tangent space to Tp2x. 

5.3 Link between adapted and foliated Cartan connections 

Remark. If y denotes the passing to the transverse coordinates of an adapted coordinates system and 
if P^y denotes the following application : 

P^y : P2(M, T) ^ P^W : J^/ ^ 3l{y o /), 

the image by P^y of P{T) is a reduction of P'^{U) to H{q + 1,K), where U is an open set of R''. 
We will denote by Pu this reduction of P^{U) to H{q + If uju denotes the normal Cartan 

connection on P^/, then u!{J^)^p2y-f-ip^ = {P^y)*u)u- Indeed, if cf) denotes the difFeomorphism such 
that (p o y — fi, then P'^(t>{Pu) = P. By naturality of the normal Cartan connection, lou — (p2(/))*ZU 
and then {P'^y)*uju = (P^A)*cJ. 



Quantization of Singular spaces 



21 



Proposition 7. If 9u denotes the canonical one-form on Pjj , then 

Proof On one hand, if u = jo(/o) e Pjr and if X = ■^j^{ft)\t=Q e T„Pjr, one lias 9jr ^{X) = 
i{P'fo)-')*iphX) = [{P'fo)-' op^^UAf,if,)U^o = i{P'fo)-'m)\t=o = 1jo'(/„-' o /0I*=o. 

On the other hand, {{P^y o {y))*du)u{X) ^ 0^ p2yoi^2)i^u){Ph*y *X) is equal to ^(pi(yo/oo 
«g)~^°-P?/°^^y°('^^)(io(/t)))|i=o = j-til{{y° fo°iqT^ °{y° ftoiq))\t=o, Hpu denotes the projection 
of Pu on P^{U). One can then easily show that Pn,g^/o~^(/t(0))|t=o = ^(y°/oo«<?)"^2/(/t(0))|t=o and 
that p„,,^[(/o~^ o/t)*o]|t=o = ^[((y°/ooig)"^ o (2/°/t oig))*o]|t=o using the fact that the differentials 
of the local forms of /o and ft belong to GL(n, q, M). □ 

Theorem 11. The connections loj: and are linked by the following relation : 

Proof. To prove that, it suffices to prove that 

{P'^yo{Y))*uju ^Pn,qUor- 

If one denotes by Vjy the connection on U whose Christoffcl symbols are the Christoffel symbols 
of V(^) (the r^j. with i, j, k between p + 1 and n), if (e^, . . . , e") denotes the canonical basis of M"* 
(resp. (e^, . . . , e') denotes the canonical basis of R^*), one has 

n n 
j=p+l k=l 

{resp. LOU = Tu -J^ii^u jkM ^i^), 
j=i k=i 

where Tyr (resp. Tu) is the Cartan connection induced by Vjr (resp. V[/), Fjf (resp. Tu) is the 
deformation tensor corresponding to V;f (resp. Vjy) (see |CSS97j ). 

One recall that Tjr (resp. Tu) is the unique Cartan connection such that its component with respect 
to K'^* vanishes on the section {x^,6l,—Tji^). If ajr (resp. cry) denotes the section (x% (5^, — F^j,), the 
connection (resp. T^/) is defined in this way : 

t^„(X) = Ad(5-i)0^((a^o7r2),X) + S, 

{resp. fuu{X) = Ad{b-^)eu{{(Ju o t:^),X) + B), 
where tt^ is the projection on M (resp. U), Rb{ajr{TT^{u))) — u (resp. Ri,{au{Tr'^{u))) ~ u) and 
B* = X - Rb^ajr^n'^X (resp. B* = X - Rb^au^TT^X). 
The deformation tensor Tjr (resp. Tu) is defined in this way : 

TMX) = {f^-LJ:F){uJ^HX)) 
{resp. Tu{X) = {fu - lou){lou\X)))- 

In fact, the sections (cc', 5^, — F*,,) correspond to the section a of the end of the theorem [3 the 
connections Tjp and Tu correspond to the connection uj of the proof of this theorem, the connections 
WjF and uju correspond to the connection ui whereas the Tjk correspond to the functions —Ajk. 

We first prove that {P'^y o {^p'^))*fu = Pn,qTyr. 
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Indeed, we have 

= Ad(6-i)0^(((7^ o n^),X) + B, 
where i?b((T;F(7r^(-u))) = u and B* = X — Rb^a-jr^TrlX whereas 

{P^y o {y)rfuuiX) = Adia'')9uiiau o n^iP^y o {y)).X) + A, 

where Raic7u{7:^iP^yoiy)){u))) = {P^yo{y))u and A* = {P^yoiy)),X-Ra,au.7Tl{P^yo{^p^)),X . 
One can see that a = Pn.qb. 

Moreover, as (cry o tt^) o {P^y o (■^^)) = (P^j/ o (■^^)) o (crjr o vr^) and (P^j/ o ^ Pn,qOy^ (see 

proposition [T]), one has Ad((p„,g6)-i)6'[/((crc/ o 7r2)^(F2y □ (-^2))^^) ^ Ad((p„,g6)"i)(p„,g6'jF)((cr^ o 
7r2),X) = p„,5(Ad(fo-i)6'^((crjro7r2)»X)). One can see too that A* = {P'^yo{^p'^))^B*, thus A = Pn,qB. 

Now, prove that (P'y o (^p^))* Y.U T.l=,{^u ,kM _,)e^ = Ej^p+i ELi(r^.^-)(4 -i)^^'- 

One has [P^yomy Y.U Tl^ii^u _,)e^ = EU ELiiP'v ° i¥)nru ,k)ie'^^^,)e^+^ ■ 

It remains then to prove that {P^y o (■^p'^))* (Tu jk) — ^j^j+p.k+p and that Tjr jf. = if 1 < fc < p. 

Indeed, if 1 < fc < p, FjFjfc = ^ Sr=p+i ^^Fjik^ where Rjr denotes the cquivariant function on Pjr 
representing the curvature tensor of V;f thanks to the equation ([45]) of the Theorem [7] and thanks to 
the fact that the KI^j^ represent the components of Rjr (see |CSS97j ). Thanks to the fact that Vjf 
is adapted, one can see that if 1 < fc < _p, jk = 0. Moreover, Tu jk = J2i=i ^iiijk + 

X]?=i -^l/jik' where Ru denotes the equivariant function on Pjj representing the curvature tensor 
of Vu whereas ii p + 1 < k < n, Tyr = (^q+i)lg-i) ELp+i ^V^jfc + ^ J27=p+i ]^k thanks to the 
equation of the Theorem[71 This allows to prove that {P'^y o {^p'^))*{Tu jk) = '^j^ ]+p,k+p- 

□ 

6 Construction of the quantization 

In a first step, we are going to explain how to build the quantization in the adapted and foliated 
situations. In a second step, we are going to prove that the quantization commutes with the reduction. 
In other words, quantize adapted objects is equivalent to quantize the induced foliated objects. 

6.1 Construction in the adapted situation 

In the adapted situation, we can define the operator of invariant differentiation exactly in the same 
way as in the standard situation : 

Definition 12. Let V he a vector space. If f & C°°{Pjr^V), then the invariant differential of f with 
respect to wjp is the function V"^/ e C°°{Pj^,W* (g> V) defined by 

V"-/(j.)(X) - L^-i(^)/(«) ViiGP^, VXeM". 

We will also use an iterated and symmetrized version of the invariant differentiation 
Definition 13. If f e C°°{Pjr, V) then [V^^ff G C°°(P^, S^W* ® V) is defined by 

for gM". 

Proposition 8. If v G M" and if Pn.q{v) = 0, then tj^^(t;) is tangent to J-p2. 

Proof. Indeed, as Pn,q^r — ■^^*w(J^), one has uj{T){-'p'^ ^uj^^ {v)) = 0. As •^p'^ ^^to^^ (v) is then tangent 
to J-"p2jv, one can easily show that uj^^{v) is then tangent to J-p2. □ 
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In the adapted situation, the invariant differentiation has a particular property : 
Proposition 9. /// is a foliated function on P^, then 

(V"^/)(t;i, ...,Vk)^ (V"^/)((0,P„,,i;i), . . . , (0,p„,,«fe)). 

Proof. Indeed, one can show that if / is constant along the leaves of ^p2, then L^-i^,^^ ^^f is a 
foliated function too ii v € K". Indeed, if X is tangent to ^p2, then LxL^-if^^ ^ ^^f = 0. To show 
that, it suffices to prove that -^[x ^^-1(0 p„ ^t,)]/ = 0. The fact that ixi^{J-) = ixduj{T) = if X is 
tangent to ^pa^v, that Pn.q^j^ — ''p'^*uj{T) and that '^^^X is tangent to J-p2^ if X is tangent to Tp2 
implies that ixPn.q^j^ = ixPn,qdioj^ = if X is tangent to J-p2. 

Remark that as the kernel of Pn.^cjjr has a dimension equal to the dimension of J-p2 (i.e. p+np), the 
kernel of Pn,q^^j^ is equal to the tangent space to JFp2. One has then = Pn,qdujj^{X , cu'^^ {0 , pn^qv)) = 
X.{pn,qv) - uj^^{0,p„^qv).{pn^qUjjr{X)) ~ pn,qUjy^{[X , LOyr^ {0, Pn^qv)]) . As the first two tcrms are equal 
to 0, the third term vanishes too. 

One has then that [X,iLj^^{0,pn^qv)] is tangent to J^p2 and then ^[X(^"^(op v)]J^ ^ 

One concludes using the fact that uj^^{v) is tangent to J^p2 if pn_q{v) — Q. □ 

In the adapted situation, we define a divergence operator analogous to the divergence operator 
defined in |MR05j . 

We fix a basis (ei, . . . , e„) of M" and we denote by (e^, . . . , e") the dual basis in R"*. 
Definition 14. The Divergence operator with respect to the Cartan connection lojt is defined by 

n 

j=p+i 

where i denotes the inner product. 

Remark. If 5 G C°°(P^, S''=(R")) and if / £ C°°(P^,R; J^ps), thanks to Proposition [H we have 

(Div'"^ 5, V"^"'/) = {Pn,q Div-^^- S,pn,qy'^'^''f). 

One can then easily adapt Proposition 4, Lemma 7, Lemma 8, Propositions 9 and 10 from [MR05| : 

Proposition 10. Let {V, p) be a representation o/GL(n, 5,M) and p' the induced action on R"* (^V. 
Iff belongs to C-(P^, gl(„.,.k), then V"^/ e C-(P^,R"* ® 1^) GL(n.g,R) ■ 

Proof. The result is a consequence of the Ad-invariance of the Cartan connection ujyr. Indeed : 
(V"-/)K9) = p'(g)-l(V"-/)(^i) V^. G P^,V5 G GL{n,q,R) 

{V^- f){ug){X) = [p'{g)-\V^-f){u)]iX) W e P^^g G GL(n,g,R),VX G R" 
iL^-\x)f)i^9) - e P:F,Vg G GL(n,g,R),VX G R". 



If one denotes by Lpt the flow of lli'j}[X) and by (f>\ the flow of lli'j}{(}X\ it suffices then to verify that 



^/('^t(uff))|t=o = p(5"')^/(v';(w))|t=o Vu G P^,V5 G GL(n,<z,M), 

or that 

ipt{ug) = if[{u)g\/u G Pj^,yg G GL(n,(7,R). 

This property is satisfied : indeed, the fields uj^^{gX) and ujyr^{X) are Pg-linked because of the 
Ad-invariance of ujyr. □ 
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In the same way, we have the following result : 

Proposition 11. Let p be the action of GL{q,M.) onS''{M.'') and p' the induced action on W* ^S^iW^). 
IfSe C'^{Pjr,S''{R")) is such that {pn,qS){ug) = p{Pn,qg'^){Pn,qS{u)) V.g e GL(n,(7,M), then 

[Pn.qV'^^ S){ug) = p'(p„,,5-i)(p„,,V"^5(u)). 

Proof. The proof is analogous to the proof of the previous result. 

{Pn,q^^^ S){ug) = p\pn,qg)'\pn,qy^^S){u) Vu e P^,V.g G GL(n,g,R) 

b„,gV"^5)(?ig)(X) = [p'{pn,qg)-\pn.qV'^^S){u)]{X) yu e P^yg € GL(n,g,R),VX G 

i^uj-'io,x)Pn,qS){ug) = p(Pn,g5"^)(^„-i(o,(p„,,g)x)P»,«'S')(w) G iV,Vg G GL(n,g,R),VX G R«. 

If one denotes by ipt the flow of ujjr^{0, X) and by the flow of uj^^{0, {pn.qg)X), it suffices then to 
verify that 

^Pn,qS{ipt{ug))\t=o = piPn,q9~^)-^Pn,qS{ipt{u))\t=o Vu G F:F,Vg G GL(n,g,K). 
One concludes using the fact that 

ft{ug) = 'p't{u)g' 

with Pn.qg' = Pn,qg bccausc the fields Ci;^^(0, {pn^qg)X) and w^^(0,X) are i?g/-linked by g' such that 

Pn.gff' = Pn,q9- □ 

Proposition 12. Let p he the action of GL(g,R) on S^{Wi) and p' the action on S''=-^(R9). // 
S G C°°{Pjr,S^{W')) IS such that [pn.qS){ug) = p{pn,qg-''){pn,qS{u)) M g G GL(n,g,R), then 

(p„,, Div""^ S){ug) = p'{Pn.qg'^){.Pn,q Div"^ 

Proof. This can be checked directly from the definition of the divergence and from the proposition [TlJ 
We have successively : 

n 

(p„,qDiv'^^ S')(ug) = ^ {pn,qW^^ S){ug){pn,qej){pn,qe^) 
j=p+l 

n 

= P'{Pn,q9^^) ^ {Pn,q^'^^ S){u){{pn,qg)Pn,qej){Pn,qe^ {Pn.qg^^}) 
n n n 



p'iPn,q9^') E E E (Pn,9V--^)(^.)(p„,,e,)(p„,,e'-)5;5."''' 



= p'iPn,q9-')Pn,q E ( 5) (u) (e, ) (e^) ■ 

i=p+l 



□ 

In our computations, we will make use of the infinitesimal version of the equivariance relation : if 
{V, p) is a representation of H{n + 1, g + 1, R) and if / G C°°{Pjr, V)H{n+i,q+i,R) then one has 

Lh-fiu)+p^{h)f{u)^0, V/i G gl(n,q,R) ©R«* C sl(n + l,R),Vw G Pf. (46) 



Quantization of Singular spaces 



25 



Proposition 13. For every S S C°°(Pjr, S''=(M")) such that {pn,qS){ug) = p{Pn,q9^^){Pn,qS{u)) Vg £ 
GL(n,(7,M), we have 

Pn,q[Lh' Div'"^ 5 - Div'"^ Lh'S] = {q + 2k- lK,,z(0, h)S, 

for every h £ W* . 

Proof. First we remark that the Lie derivative with respect to a vector field commutes with the 
evaluation : if jy^, . . . , 77'"'^^ G M.'^*, we have 

{Lh*p^,g Div'^^ . . . , 7?'=-!) - L,..(p„,, Div"^ 5(r,i, . . . , rj"-^)) 

= E]Lp+l{Lh' L^-i^^^^Pn,qSipn,qe^ , ■ ■ 

Now, the definition of a Cartan connection implies the relation 

[h*,uj^\X)]^u;^\[h,X]), Vh e gl(n,g,R) G E", 

where the bracket on the right is the one of sl(n + 1,K). It follows that the expression we have to 
compute is equal to 

n 

X! i^i^-\ei}^h*Pn,qS{pn,qe^ , ■ ■ ■ + {L[h,e,]'Pn,qS){pn,qe-\ri^ , ■ ■ 

j=p+l 

Finally, we obtain 

p„,, Div"^(L^.5)(77i, . . . , ryfc-i) - (p*(p„,,[/i, e,])p„,,^)(p„,,e^ 77I, . . . , ry^-i) 
= pn,q Div"^(Lft.5)(r;i, . . . , r?'^-!) + (p*(p„,,(/i ® + (/i, ej)/d)K,,5)(p„,,e^ ry^, . . . , 7y'=-i). 

The result then easily follows from the definition of p on S^{W^). □ 

Proposition 14. // is an equivariant function on Pjr representing an adapted symbol, we have 

p„,jL„.(Div'^^)'5 - (Div'^^)'L,,.5] = l{q + 2k ~ l)p,,,g[t{h){Div'^n'~' S], 

for every h G W^* . 

Proof. For 1 = 1, this is simply the proposition 1131 Then the result follows by induction, using 
propositions fT2l and 1131 One has indeed, if one supposes the result true to Z — 1, that 

Lh*Pn,q Div"^ (Div'"^'-l)5 - pn,q Div'"^' Lh*S 

is equal to 

(g + 2(fc - / + 1) - l)pnAh) Div"^'-i S + pn.q Div"^ L^. Div-^^'-i S - Pn^g Div"^' Lh* S, 

i.e. to 

l{q + 2k- l)pn,qi{h) Div'^^'^i S. 

□ 

Proposition 15. // / G C°°(P:f, K) gl(«.9.r), then 

Lh^iV^n"! - (V'^^)'i/.*/ = -k{k - IjiV^^'f-^f V h, 

for every h G M'*. 
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Proof. If fc = 0, then the formula is obviously true. Then we proceed by induction. In view of the 
symmetry of the expressions that we have to compare, it is sufficient to check that they coincide when 
evaluated on the fc-tuple {X, . . . , X) for every X 6 M". The proof is similar to the one of proposition 
[TSl : first the evaluation and the Lie derivative commute : 

(V--) . . . , X) = i,. ((V--) • . . , X)). 

Next, we use the definition of the iterated invariant differential and we let the operators L^* and 
^ui^^ix) commute so that the latter expression becomes 

L^-^^x)Lh'{{V-n''-'f)iX, ...,X) + (i[,,;,].((V--)'=-V))(^, • . . ,^)- 
By the induction, the first term is equal to 

{V'^^tU* f{X, . . . , X) ~ (fc - l)(fc - 2)((V"^)^- V Vh)(X,..., X). 



For the second term, we use proposition 1101 and relation (I46|) and we obtain, if one denotes by p the 
action on S'^-^M"*, 

(pAih ® X) + {h, X)Id){{V'-n'"'fmX, ...,X). 
The result follows by the definition of p». □ 

Theorem 12. In the adapted situation, the formula giving the quantization Qjr is then the following : 

k 

QA^r,S)U)=pT\Y.^k^^^^'^^'^'"p':F*S,vf-"p'^f)) (47) 

if 



[k-l) ■■■{k-l) / fc 
((? + 2fc-l)---(g + 2fc-0 I 



Proof. The proof goes as in |MR05j . First, we have to check that the formula makes sense : the 
function 

k 
1=0 

has to be H{n + 1, q+ 1, R)-equivariant. It is obviously GL{n, q, R)-equivariant by propositions fTOl and 
[T21 It is then sufficient to check that it is M'^*-equivariant. This follows directly from propositions [Til 
and 1151 and from the relation 

Ck,ilil + 2k-l) = Ck,i-i{k - I + l)(fc - /). (49) 

Next we see, using the results of |CSS97[ p. 47] that the principal symbol of Qjr(Vjr, S) is exactly 
S, and formula (|47p defines a quantization, that is projectively invariant, by the definition of ujjr. 
Next, the naturality of the quantization defined in this way is easy to understand : it follows from the 
naturality of the association of an adapted projective structure Pjr — > M endowed with an adapted 
normal Cartan connection tjjr to a class of projectively equivalent torsion- free adapted connections on 
M and from the naturality of the lift of the equivariant functions on P^M to equivariant functions on 
iV- □ 

6.2 Construction in the foliated situation 

In the foliated situation, one can define the invariant differentiation in this way : 
Proposition 16. The following definition makes sense : if f is a foliated function on P{J-), then 

f){vi,...,Vk) = ° •■ ■ 

where uj{J^)~'^{v) is a vector field such that its image by is equal to v. 
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Proof. One has to show that the definition is independent of the choice of the vector field. Indeed, 
two such vector fields differ by a vector field tangent to Tp-^N and one can show that if / is constant 
along the leaves of Tpi^, then icj(j^)-i(«)/ is a foliated function too if w S M'. Indeed, if X is tangent 
to Tp2f^, then LxLu{j^)-^[v)f = 0- To show that, it suffices to prove that L^x.u{j^)-^{v)\f = 0- 

One has ^ dLu{T){X,uj{T)-\v)) ^ X.v - ujiTy^{v).uj{T){X) ~ uj{T){[X,uj{T)-'^{v)]). As the 
first two terms are equal to 0, the third term vanishes too. One has then that [X,uj{T)^^{v)] is tangent 
to Tp2N and then L[x.,^{j^)-^v)]f = 0. 

□ 

In the foliated situation, we define the divergence operator in this way : 
Definition 15. The Divergence operator with respect to the Cartan connection uj{J-) is defined by 

9 

One can then easily adapt the propositions (TUl [HI [HI [HI [HI The proofs of these propositions are 
completely similar to the proofs of the corresponding results in |MR05| . 

Proposition 17. // / is a GL{q,M.)-equivariant foliated function on P{1F) then V'^^'^-'/ is GL((7, M)- 
equivariant too. 

Proposition 18. // 

s e c°°(p(.f),5^-(R«);-^p^jv)gl(9,r), 

then 

Div"(^)5 e C^{PiT),S''-\W);Tp2^)cUg.M)- 

In our computations, we will make use of the infinitesimal version of the equivariance relation : if 
{V,p) is a representation of H{q + if / £ C°°{P{!F), V)H(q+iM) then one has 

Lh*f{u)+~p^{h)f(u) = 0, V/i G gi((7,M) ©M«* C sl(g+ l,M),Vu e P(J^). (50) 

Proposition 19. For every S £ C°°(F(J^), S''''(R'?); J^p2Ar)GL(9,R) we have 

Lh- Div"(-^) 5 - Div"(-^) Lh'S = {q + 2k- l)i{h)S, 

for every h G R"^* . 

Theorem 13. For every S G C°°(P(J'^), S''=(M«); JPp2jv)GL(g,E), we have 

Lft.(Div"(^))'5 - (Div'"(^))'ift..5 = l{q + 2k- l)t{h){mv^^^^y-^ S, 
for every h G W^* . 

Theorem 14. If f e C°°(P(^),R;.Fp2jv)gl(9,r), then 

Lh*{V'^''^^ff-{V^^^^fLh'f = -fc(fc- l)(V'^(^))'=-\/V/i, 

for every h G R'* . 

Theorem 15. In the foliated situation, the formula giving the quantization Q{J-) is the following : 

k 

Q(.F)(V(.F), = C,,KDiv-(^)'(/(.F))*5, Vr(^'"'(/(.F))*/)) 

1=0 

if 



(k-l)---{k-l) 
{q + 2k-l)---{q + 2k-l) \ I 



Ck,i ^ , )_ , „ ( 7 ),VZ>1, Cfc,o = l- 
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6.3 Quantization commutes with reduction 

Proposition 20. // / is an equivariant function on Pjr representing a basic Junction, then 

Proof. Indeed, one has first that ■^p^ ^uj'^^ {v) is equal to uj{J-)^^{pn,qv) modulo a vector field tangent 
to !Fp2jsi. By induction, if the proposition is true to fc — 1, it is true for k : 

= V*(V-(^)''r7r/))(p„,,«i, . . . ,p„,,^;fe). 



□ 



In an other part. 

Proposition 21. If S is an equivariant function on Pjr representing an adapted symbol, then 

p„,,(Div--5)=1.2*(Div-(^)'r7r5)). 
Proof. Indeed, by induction, if it is true to / — 1, it is true for / : 

n 

n 

= E K-/(.,)PnAe'W^^--' S) 

71 

= E i.-(.,)*bn,.^^yP^*(Div-(^)'-\^7r5)) 
j=p+i 



E y*L^in-HP..e,APn,qer)imy-^^^'-\^nS)). 
j=p+i 



□ 



Theorem 16. // S is an equivariant function on Pjr representing an adapted symbol and if f is an 
equivariant function on Pjr representing a basic function, then 

(Div"^ ^,V-^"/) ^p2*(Div"(^)'f7r5),V-(^)'"(^^/)) 
if S is of degree k. The quantization commutes then with the reduction : 

QA 

Proof Indeed, if Div'^^ S = viW ...V vu-u 



<yAis){f) - Q(^)(v(^))r^^)r^/). 



(Div"-^,V"-" /) = iV^^' f){vi,...,Vk-,) 

= {p,,.qBW--S,y*V-(^^''-'Cnf)). 
The conclusion follows then from Theorems [T^] and [121 CH 
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